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Abstract 

We prove that the modules of differential operators of order 2 on 
the classical Coxeter arrangements are free by exhibiting bases. For 
this purpose, we use Cauchy-Sylvester's theorem on compound deter- 
minants and Saito-Holm's criterion. In the case type A, we apply 
Cauchy-Sylvester's theorem on compound determinants to Vander- 
mond determinant. By using the Schur polynomials, we define oper- 
ators which form a part of a basis of modules of differential operators 
on the classical Coxeter arrangements of type A. In the cases of type 
B and type D, the proofs go similarly to the case of type A with some 
adjustments of operators and determinants. 
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1 Introduction 

Let K he a field of characteristic zero, and let V be an £- dimensional vector 
space over K. Let {xi, . . . ,xi} be a basis for the dual space V*, and let 
S := SymCl/*) ^ K[xi, . . . ,Xe] be the polynomial ring. Let D^"^^{S) : = 
®\a\=m module of differential operators (of order m) of S, where 

CK G is a multi-index. A nonzero element 6 = X]|a|=m/a^" ^ D^'^\S) is 
homogeneous of degree i if fa is zero or homogeneous of degree i for each ex. 



When 9 e D^^'^S) is homo geneous of degree i, we write deg(^) = i. For a 
multi- index o:, we put 

'■= {^1: ■ ■ ■ , Xi, X2, ■ ■ ■ , X2, . . . , Xi, . . . , Xi), (1-1) 

where the number of Xi is a^. 

Let ^ he a. central (hyperplane) arrangement (i.e., every hyperplane con- 
tains the origin) in V. For each hyperplane H E ^ fix a. linear form pn & V* 
such that ker^pn) = H, and put Q{^) := YIhg^/Ph- We call Q{s^) a defin- 
ing polynomial of £/. We define the module D^^^s/) of ^^/-differential 
operators of order m as follows: 

.= 1^ e D^'''\S) I 0{Q{s2/)S) C Q{£/)S} . 

In the case m = 1, D^^\^) is the module of .KZ-derivations. We say £/ to be 
free if D^^^s^) is a free 5'-module. An excellent reference on arrangements 
is the book by Orlik and Terao [5j. 

The classical Coxeter arrangements Ai-i, and Vi of type A, B and D 
are defined as 

At-i := {Hij = {xi - Xj = 0} \ 1 < i < j < i} , 

Be := {H, = {x, = 0} \ i = l,...,i}U [Hf = {xi± Xj = ^] \ l < i< j < , 
Vt := {H^^ = {x,±Xj = 0}\l<i<j<i}. 

It is well-known that the Coxeter arrangements are free (see Theorem 
6.60 in [5]). There are some other interesting reaserch for Coxeter arrange- 
ments. Orlik- Terao [6], for example, proved that a restriction of the Coxeter 
arrangement to each lattice element is free. One of other interesting reaserch 
for Coxeter arrangement is the study of freeness of Coxeter multiarrange- 
ments. Coxeter multiarrangements were studied by Solomon- Terao [8], Terao 
[9J and so on. In contrast, no one has yet been able to put the study of the 
module of differential operators on the Coxeter arrangement into practice. 

There exists a well-known basis for D^-^\£/) when is one of the classical 
Coxeter arrangements (see for example ^). The aim of this paper is to prove 
that the modules of differential operators of order 2 on the classical Coxeter 
arrangements are free by constructing bases. For this purpose, we introduce 
Cauchy-Sylvester's theorem on compound determinants and Saito-Holm's 
criterion. 
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In Section 121 we give some applications of the Cauchy-Sylvester's theorem 
on compound determinants. By using the results of Section El we will show 
that the modules of differential operators of order 2 on the classical Coxeter 
arrangements are free in Section |4] and [51 



2 Saito-Holm's criterion 

In this section, we explain the Saito-Holm criterion. Put Sm '■= 

tm:= ft^7'),andset 

{q:^^\ . . . , a^'*'"^} = {cK G I \ct\ = m}, 

where \ct\ = ai+- ■ ■+ae for a multi-index ck G N^. For operators 9i, . . . , Og^ G 
D^"^\A), define the coefRcient matrix Mm{di, . . . ,9s^) of the operators 
6^1, ... , 6s^ as follows: 



ex. 



where a\ = ai\ ■ ■ ■ a^l. Thus the (z, j)-entry of the coefficient matrix is the 
polynomial coefficient of d°' in 6i. 

The following criterion was originally given by Saito [7J in the case m = 1, 
and was generalized by Holm [IJ into the case m general. 

Proposition 2.1 (Saito-Holm's criterion). Let 6i, . . . ,6s,„ G D^'^^s^) he 
homogeneous operators. Then the following two conditions are equivalent: 

(1) det M^(^i, . . . , OsJ = cQ^"' for some c e K"" . 

(2) ^^1, . . . , form a basis for D^'^^s^) over S. 

When is a free S'-module, we define the exponents of D^'^\.^) 

to be the multiset of degrees of a homogeneous basis {6'i, . . . , 6s^} for D^"^\£/), 
which is denoted by exp D^™-^ 



expD(-)(^) = {deg(^?i),...,deg(^^.„)}. 
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3 Cauchy-Sylvester's theorem on compound 
determinants 

Throughout this paper, assume i > m. In this section, we will follow the 
notation of the paper by Ito and Okada [3J as far as possible. We denote 
by >- the lexicographic order on Z*". That is, for /i = and 
u = {ui, . . . , I'm) £ we write fi >~ u ii there exist an index k such that 

^1 = z/i, . . . , fik-i = Vk~i, and /i^ > Vk- 

Put 

Z := = (^1, . . . , /x^) G I 1 < /ii < ^2 < ■ ■ ■ < Aim < ^} • 

Then Z is a totally ordered subset of Z™. Put := (x^^, . . . , x^^) G S'^. 
Let A = (oi,j)i<j be a square matrix of order i. For n^u E Z put 

:= ('^/i,,i'j)i<ij<m ■ 

We define the m-th compound matrix A^*") by 

A^""^ := (det , 

where the rows and columns are arranged in the increasing order on Z. 

The following was obtained by Cauchy and Sylvester (see for example [3l 
Proposition 3.1]). 

Proposition 3.1 (Cauchy- Sylvester). Let A = (fljj)i<j be a square ma- 
trix. Then the determinant of the m-th compound matrix A^'^^ is given by 

det A^""^ = {det A)^^~-^\ (3.1) 

Put 

A := {A = (Ai, . . . , A„) G Z'" I £ - m > Ai > A2 > ■ • • > A„, > 0} . 

We regard A as a totally ordered subset of Z"^ by the order >~. Then the 
map 

Z 3 (a^i, . . . , fim) I — > (i - m 1 - fii, i - m + 2 - fi2, . . . , i - ^m) e A 
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is a bijection between A and Z, and this bijection reverses the ordering on A 
and Z. 

For A e A, we define the following symmetric polynomials and a Laurent 
polynomial: 



■5a 



det(t,"^^"-^) 

l<i j<m 
det(t™' "')l<ij<m 



det(t 



i 

2(Aj+m-j)+l 



)l<«J<m 



det(t/ "''')l<j,i<m. 



G ^[ti, . . . , tm], 



det(t 



2(Aj+m-j)-l', 



) l<i j<m 



G5[tf\...,t, 



det(t; 



^'1 
m J 



(3.2) 
(3.3) 
(3.4) 



The polynomial is the Schur polynomial corresponding to the partition A. 
We remark that is a symmetric polynomial if A^ > 1- Now the degrees 
of these Laurent polynomials follows: 



deg s 



A 



lAI, deg = 21 A| + m, degs? = 2|A|— m 



(3.5) 



where |A| := Ai + ■ ■ ■ + Am- 

Proposition 3.2. We have the following determinant identities: 



det (s;^(x^))aga 



(Xj Xj) 

.i<i<j<e 



(m-l) 



det (sf (x^))AeA = (xi ■ • ■ x^)('"-i) 



det (s^(x^))aga 



(xi ■ ■ ■ X£)(™-i) 



n 

i<i<j<e 

n 

-i<«<i<^ 



(m-l) 



Km-l) 



(3.6) 
(3.7) 
(3.8) 



Proof. Apply the formula (13. ip to the matrices A 



[xf^ ^^^^)i<i,j<e and A 



□ 



We will use these determinant identities to prove that D(2)(i2/) is free 
when ^ is a classical Coxeter arrangement in Section H] and [5l 
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4 Type A and B 

Let be an arbitrary arrangement. By [21 Proposition 2.3] and [21 Theorem 
2.4], we have 

D^^\s^)= fl (4.1) 

where D^-^\phS) = [6 e D^'^^S) \ e{pHx") E pnS for any \a\ = m - l} for 
G ^. 

Recall that the defining polynomials of Coxeter arrangements A^-i and 
of types A and i? are 

Q{Ai-i) = Yl i^i-Xj), 
i<i<j<e 

Q{Be)=x,---xe J] (^'-^?)- 

l<i<j<£ 

We introduce some operators in D'-'^^Ae-i) and D^'^^Bi). By using these 
operators, we construct bases for the modules D^'^\Ae-i) and D^'^^Be) of 
differential operators of order 2 on Ae-i and 

Let A; = 1, . . . and put hf := (xfc-xi) ■ ■ ■ {xk-Xk-i){xk-Xk+i) ■ ■ ■ {xk- 
xe) and := Xk{xl - xj) ■ ■ ■ (x| - xl_^){xl - x^^J ■ ■ ■ (x| - xj). We define 
operators ry^ and r/f in D^"^\S) as follows: 




Then deg 77^ = £ — 1 and deg rj^ = 2£ — 1. 

It is convenient to write f = g for f,g E S if f = eg for some c E . 

Proposition 4.1. For = we have that rj-j^ E D^^\Ae-i) and 

Proof. For any 1 < i < j < £ and a multi- index /3 with |/3| = m — 1, 

(1 if 2 = A; and (3i + 1 = m, 
±1 if i = A; and (3j + 1 = m, 
otherwise. 
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li i = k and /3j + 1 = m or j = A; and /3j + 1 = m, then t]-^{{xi — Xj)x^) = 
h-^ E {xi — Xj)S. Therefore we obtain rj-j^ G D^'^\Ae-i) from the formula 

m- 

Similarly we have rj^ G r\i<i<j<e ^^^^ {i^i ~ x'j)S). For i = 1, . . . , i and 
a multi-index /3 with = m — 1, we have 



/if if i = and A + 1 



otherwise. 

This leads to that r^f G flLi ^^""^ i^i^)- Therefore we obtain r/f G ^("^^(^B^). 

□ 

For a Laurent polynomial /(ti, . . . , tm) G 'S'f^f ""^5 • • • j ^m^] satisfying f{xa) G 
5* for any ct with |q;| = m, we define an operator 



We call a Laurent polynomial /(ti, . . . , t^) is symmetric if 

f (ti, . . . ,ti, . . . ,tj , . . . , trn) /(ti , . . . , , . . . , tj, . . . , tm) 

for all pairs 

Lemma 4.2. Assume that f{ti, . . . is a symmetric Laurent polynomial. 
Then we have that Of G D^"'\Ae-i). 

Proof. Since /(ti, . . . , tm) is symmetric, we have 

Of {{Xi - Xj)x^) U^=^^. = {f{Xf3+eJ - f{Xf3+e^)) U^=^^. = 

for any 1 < i < j < i and a multi-index (3 with |/3| = m — 1. We 
obtain 6*/ ((xj — Xj)x^) G (xj — Xj)S. Hence it follows from (14.1 p that 
Of G □ 

For A G A, define operators 

^ — ^ a! al 

\ct\—m \<x\=m 

Then deg6'5;^ = |A|, deg^f = 2|A| + m by the formula (1^3]) . 
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Proposition 4.3. For X e A, we have Of e D^'^^Ae-i) and E D^'^^Be). 

Proof. Since Laurent polynomials and sf are symmetric, we obtain 6*5^, G 
by Lemma El 
By the formula fl4.ip . we can write 

D^"'\Be) = D^"'\Ae-i)n(f]D^"'\x,S)\n( f| D^"'^ {{xi + x,)S)Y 

\i=l / \l<i<j<i / 

Thus we only need to prove that 

elE\{\D^"^\xS)\ and ^fef fl + 

\i=l / \l<«<j<^ 

For any z = 1, . . . , £ and a multi-index /3 with = m — 1, we have 

This implies flLi ^ /^("^Xi^). 

For any 1 < i < j < i and a multi-index /3 with = m — 1, 

Then we have 9f{{xi + Xj)x'^)\xi=-Xj = 0, and this implies 9f ((xj + Xj)x^) G 
(xi + Xj)S. Hence we obtain G D^"'\Bi). □ 

Theorem 4.4. Zet m = 2. 

(1) r/ie sei 

C^^:= {r/,^M = l,...^}u{^3:^| AgA} 
forms an S -basis for D^'^\Ae-i) . Hence 

expD^^\Ai.i) = {i-l,...,i-l}U{\X\ I A G A}. 

(2) The set 

Cs:={vf\^ = l,■■■i}lJ{Of\XeA} 
forms an S -basis for D^'^^{Bi). Hence 

exp D'-^\Be) = {2£ - 1, . . . , 2£ - 1} U {2|A| + 2 | A G A}. 
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Proof. (1) All operators in C_4 belong to D^'^\Ae-i) by Proposition 14.11 and 
Proposition 14.31 

By Proposition 12. ![ we only need to prove that the determinant of the 
coefficient matrix Mm(C^) of the operators of is equal to Q{A£-iY up 
to a nonzero constant. By Proposition 13.21 we obtain det {s'xi-Ca.)) ^^^^ = 
Q{AY^'^. Hence we have 



det MUCA) = Q{Ai-iy 
(2) We have an identity 



le * 

det (sf{Xo,)) xeA 
aez 



Q{A. 



■i-l; 



detMm{Ci3) = x^---xJ Yl ( 

Vl<i<i<£ 



I x^ ) 



det(sf(x«)) 



AeA 

aeZ 



by Proposition 13. 2[ Then the rest of proof for (2) is similar to the one for 
(1). □ 



5 Type D 

In this section, we assume m = 2, and we construct a basis for D^'^\T)i). 
Recall the defining polynomial Q{V^) = ni<j<j<^(^f ~ ^j) of Coxeter 
arrangement of type D. 
Set 

A' := {A = (Ai, A2) K - 2 > Ai > A2 > 1} , 
a" := {A = (Ai, A2) K - 2 > Ai > 0, A2 = 0} . 

Then A = A' U A". Put A(°) := (0, 0). We define operators 9'^ as follows: 
df--= E if AG A', 

\a\=2 

:=(xi---x,) Vsf(x„)^a° if AgA"\{AW}, 

l"l=2 

^?:=(xi---x,)2 5^.?(x„)ij9" if A = AW. 

\a\=2 
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If A G A , then we have 



j„./.2(A,-l+2-j)+K 



where A — 1 = (Ai — 1, A2 — 1). 
If AG A"\{A(°)}, then 



.2A1+I ,-1 ,2Ai+l .-1 1 ^1 

V _ ^1 • ^2 ~ ^^2 • '^l _ ^ ,2j,2(Ai-j) 

12 12 



Thus (xi ■ ■ ■ X()s^ (xq,) is a polynomial for any multi-index a with |q;| = 2. 
We have 



\i=i ^-^i i<i<j<e J 



l<i<j<£ 

Hence 6^ for any A G A. The degrees of these operators are as follows: 

deg^^ = 2|A| - 2 = 2Ai + 2A2 - 2 if A G A', 
deg^f = 2Ai -2 + ^ if AgA"\{A(°)}, 
deg^f = 2£-2 if A = A(°\ 

Proposition 5.1. For X e A, we have 9f G D^^\Vi). 

Proof. By Lemma W7I\ we have 6f G D^'^^{Ai-i) for any A G A. 
Since 



\l«l=2 ■ / 



{{Xi + Xj)Xk) 



(Xj, Xk) + {Xj, Xf:) 



^ r,AlJ2 Jl\ I ^ J2 ™2^ 



-s^ (Xj , x^ H s-^ {Xj , x^) 

XiXj^ XjXfz 

we obtain Q^{{xi + Xj)xfc)|a;,=-xj = for 1 < i < j < = 1, . . . , £ and 
A G A. Hence we have 6'f G D^'^\V) for any A G A. □ 
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We introduce other operators hf of D^'^\Vi). For k = 1, . . . , i put hf 
{xl -xl)--- {xl - xl_-^){xl - x^+i) ■■■{xl- xj), and define 

The coefficient of d1 in 77^ is 

2xk 2xk ■ Xf^ 2xk 

Hence we obtain r]f e D^^\S), and degT^f = 2i-2. 
Proposition 5.2. For k = 1, . . . ,£, we have that r]f G D^'^^V^). 

Proof. Let k = !,...,£. It is clear that G D'^'^^V^) , and we have ^^(o, G 

by Proposition EH Thus we have - {-ly-^O'^^,^ G D^-^^Ve). 
This leads to r^f G □ 

Theorem 5.3. Assume m = 2. The set 

Cv:= {r^f\i = l,..A]vj{el\\eK] 

forms an S -basis for D'^^^(P^). Hence 

exp D^'^\Vi) ={2i - 2, . . . , 2^ - 2} U {2Ai + 2A2 - 2 | £ - 2 > Ai > A2 > 1} 
U {2Ai - 2 + £ I £ - 2 > Ai > 1} U {2£ - 2}. 

Proof By Proposition 15.11 and Proposition 15.21 we have C D^'^\Di). Let 
M2{Cti) be the coefficient matrix of the operators in C-p. We shall show that 
detM2iCv) = QiVeY. 

Put 9x := E|o|=2 5? M ^<9- for A G A. Then 

det M2{Cv) = det M2{vT, 0^ \ i = 1, . . . ,£, A G A) 

= detM2(r;F + (-lY-^-9Z,,,e^ ^ = 1, A G A) 

= (xi ■ ■ ■ xeY det M2(?7f + (-1)'-^-^) , M = 1, • • • , ^, A G A) 

Xi 



"'1 '''(. \ I \l 

-]{xi---xe) det 



. . . _1 \ ^ \^ 

Xl Xl 



h * 
det(sF(a;«)) aga 
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by Proposition 13.21 Hence we conclude that the set C-d forms an S'-basis for 
D^'^\Vi) by Proposition [m □ 
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